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Abstract. The chemical relaxation times of two different
two-step equilibrium reactions, characterized by a 1:1
binding process followed by a subsequent rearrangement
step and a stepwise 1:2 binding reaction, are analyzed for
the purpose of qualitative model discrimination and
quantitative determination of kinetic parameters. The
equations describing the dependences of the two recipro-
cal relaxation times on suitable concentrations are given
for both models in the general case as well as for four
different limiting situations which are characterized by
well separated relaxation times. The conditions corre-
sponding to the limiting cases are expressed in terms of
strong, weak and no coupling between the two partial
equilibrium steps involved in both models. The coupling
strength depends on the rate constants as well as on the
total concentrations of the reactants. Criteria to discrim-
inate between these two reaction models under defined
limiting conditions are developed. In the general case, the
product of both reciprocal relaxation times can be used to
distinguish both models. If only one relaxation time can
be resolved experimentally, it is possible under conditions
described to determine only a reduced set of individual
rate constants for most of the limiting cases considered.
If both relaxation times are observed, all rate constants
are determinable in the general case as well as in most of
the limiting cases discussed.

Key words: Chemical relaxation — Relaxation kinetics —
Two-step binding reactions — Relaxation times — Kinetic
parameters

Introduction

Chemical relaxation spectrometry (Eigen and De Maeyer
1974) is widely used for elucidating the mechanism of a
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given chemical or biochemical equilibrium reaction and
for determining the corresponding rate constants. In this
method the thermodynamic equilibrium of the chemical
system investigated is disturbed by quickly changing a
suitable external parameter, such as temperature or pres-
sure, for example. The subsequent equilibration of the
system occurs in the form of concentration changes which
can be followed by employing a time-resolved detection
of an appropriate parameter, e.g. the absorption of the
solution at a certain wavelength, provided perturbation
and detection are fast enough. If the concentration
changes induced by the perturbation are small compared
to the corresponding equilibrium concentrations, the
equilibration process is described in the case of transient
methods by a sum of decaying exponentials, each being
characterized by an individual positive relaxation time
and a specific positive or negative amplitude. The number
of resolvable exponentials is equal to or less than the
number of equilibrium steps.

In general, the relaxation times depend on the rate
constants of all individual reaction steps and on equilibri-
um concentrations of the species involved, but not on the
type, direction or magnitude of the disturbance, as long as
the induced concentration changes are small enough.
Therefore, it is not possible in general to associate a par-
ticular relaxation time with an individual reaction step.
However, if simplifying assumptions can be made, a par-
ticular relaxation time depends under certain conditions
only on the rate constants of a single reaction step, al-
though stability constants of fast pre-equilibria may fre-
quently be involved, too.

In order to postulate a particular reaction model on
the basis of chemical relaxation data, simple experimental
criteria, such as the number of observed relaxation times,
are of importance. If, for instance, two relaxation times
are determined experimentally, every mechanism involv-
ing only a single reaction step can be excluded. The in-
verse conclusion may be wrong: Observing only one re-
laxation process does not exclude two-step mechanisms,
because the other process may proceed too fast or too
slow for detection, or may have an amplitude which is too
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low to be resolved from the data. Another criterion is
provided by the relationship between the relaxation times
on the one hand and the rate constants and equilibrium
concentrations and constants on the other hand, which is
expected for a pre-chosen reaction model. Thus, a reac-
tion mechanism cannot be proven by applying chemical
relaxation methods, but a detailed characterization of a
postulated model is possible as long as it cannot be ruled
out by the available experimental data.

Many chemical or biochemical equilibrium reactions
are characterized by one of the following, comparatively
simple models:

Model 1:
12 k
A+B=2C K,= 12 (1)
k21 k21
Model 2:
kiz ka3 ks kas
A+B P C P 12 k21 23 k32 ()
Model 3:
AvaBRicoyplp k=R g ks
ORI BTy Remyg

The stability constants K, (i =1 or 2, j =i +1) are speci-
fied by the quotients of the corresponding rate constants
k;;/k;;. These reaction schemes include the case where
state C and/or D is formed via one or more intermediate
states (not shown in (1), (2) and (3)) being present at com-
paratively low concentrations (steady states); the experi-
mentally accessible overall rate constants are then func-
tions of the rate constants related to the intermediate
states involved (Figen and De Maeyer 1974). Equation (1)
describes, for instance, the most simple complex forma-
tion reaction exhibiting 1:1 stoichiometry. It is character-
ized by a single relaxation time, 7. If, however, the bind-
ing between, for example, a molecule or ion B and the
ligand 4, leading to the complex C, is followed by a sub-
sequent rearrangement to state D, the two-step model 2
applies, which is characterized by two relaxation times, 1,
and 7,. Another two-step mechanism is given by (3). In-
stead of the first-order rearrangement reaction assumed
in (2), a second molecule of B is bound to the initially
formed complex C leading to the final reaction state D,
being characterized by a 1:2 stoichiometry. Owing to
their general importance, both two-step binding models
have often to be considered for the analysis of kinetic data
obtained from biochemical studies, especially in enzyme
reactions.

In principle, chemical relaxation data can be utilized
to distinguish models 1, 2 and 3. Models 1 and 2 are dealt
with comprehensively in many review articles or text
books concerning chemical relaxation (e.g. by Eigen and
De Maeyer 1974; Czerlinsky 1966; Strehlow and Knoche
1977). On the other hand, model 3 is considered by Czer-
linsky only under the assumption that one of the reaction
steps equilibrates rapidly compared to the other one. A
rough comparison of model 2 and 3 may suggest that it
should be fairly easy to differentiate between them. How-
ever, as will be seen later, this is not possible under all
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conditions in a straightforward manner. Even under sim-
ple conditions when the second equilibrium in model 2
and 3 adjusts much slower than the corresponding initial
binding step, it can be difficult to distinguish between the
models within certain concentration ranges on the basis
of the usual concentration dependence of the reciprocal
relaxation times. Under the same condition the concen-
tration dependences allow one also to determine the rate
constants by comparatively simple procedures. But if on-
ly experimental conditions are achievable where the re-
laxation times 7, and t, are similar, the corresponding
expressions characterizing models 2 and 3 are rather
complex prohibiting those simple methods, but model
discrimination as well as the determination of the rate
constants is, of course, also desirable under these circum-
stances. For the latter purpose, a plot procedure has been
suggested for model 2 (Havsteen 1967). Model 3 and thus
also its differentiation from 2 under such conditions has
not been examined up to now.

The aim of this article is to find conditions that allow
one to distinguish between the reaction models 2 and 3 on
the basis of the expected concentration dependences of
the corresponding reciprocal relaxation times. For this
purpose, the general expressions as well as the cases of
strongly coupled, of weakly coupled and completely un-
coupled equilibria under different approximative condi-
tions are considered and analyzed. The corresponding
equations for the relaxation times will be given. A set of
characteristic rate constants is applied to calculate the
concentration dependences of the reciprocal relaxation
times for models 2 and 3. This illustration is expected to
provide helpful hints for future experimental studies con-
cerning the evaluation of reaction mechanisms. No relax-
ation amplitude considerations are included within the
scope of this article although they are believed to be rele-
vant, too, for the discrimination between mechanisms.

Dependences of the relaxation times
on equilibrium concentrations

General expressions

The principles of calculation of the dependence of recip-
rocal relaxation times 1/7; (here: i =1 or 2) on equilibrium
concentrations ¢, of involved species (identified by their
index; here: = A, B, C or D) for any assumed reaction
model are given in detail in the literature (e.g. Eigen and
De Maeyer 1974; Strehlow and Knoche 1977). In the case
of the one-step binding equilibrium of model 1 the single
relaxation time 7, (Eigen and De Maeyer 1974) is deter-
mined by:

1
=k tkyy(cytcp) 4)

while in the case of any two-step reaction the two predict-
ed relaxation times 7, and 7, are given by (Eigen and
De Maeyer 1974):

1 o
= 5(1i\/ 1-B) a=—a,;,—ay,

T1,2

A0y, — A, A
=g 3119227 04290 5
4 (ay,+ as;)? )



The positive sign of the square root term leads to the
expression for 7,, the negative sign to that for 7,. The
coefficients « and § must be positive and § cannot exceed
unity. Otherwise, at least one of the relaxation times
would be negative or complex, which is meaningless.
Thus, according to (5) 7, is always smaller than t,. Each
individual type of two-step reaction is characterized by its
dependence of the coefficients a;; (i, j=1 or 2) on rate
constants and equilibrium concentrations. These concen-
trations are related to the total concentration of the reac-
tants by the mass balance equations. For models 2 and 3
the total reactant concentrations ¢ 4 and ¢, respective-
ly, are given by:

Cao=CytCct+Cp Cgo=Cp+cct+ fcp (6)

with f=1for model 2 and f =2 for model 3. The equilib-
rium concentrations can be calculated from these mass
balance equations by the corresponding equilibrium con-
stants (Czerlinsky 1966; Bremer and Grell 1994). In the
case of model 2 the coefficients a,; are given by (Czer-
linsky 1966):

ay = —kyy—kiycatcy) ap=—ky %
a1 =—ky;s Ay =—ky3—ky,

and for model 3 (Bremer 1992) by:

ag=—ky —kiy(catep) ap=—kyy+kie, (8)
ay;=ky3(cc—cp) Ay, =—k3;,—ky3(cc+cp)

These coefficients result from the system of linearized dif-
ferential equations for the time course of the deviations
x,=c,—¢,(s=A or D) of the actual concentrations ¢, from
their equilibrium values c,:

dx, dx,,
d =ay; X+ a1, Xp dt

using the mass balance equations (6) and assuming con-
stant equilibrium concentrations. Formulating the differ-
ential equations for other species affects only the expres-
sions for a,;; the general dependencies of the relaxation
times on the equilibrium concentrations and rate con-
stants are not influenced. The coefficients describe the
influence of the concentration changes of both species on
their time course. Thus, the strength of coupling between
both equilibria involved in the models 2 and 3 depends on
the absolute values of the different coefficients a;; and
hence on the rate constants as well as via the equilibrium
concentrations of the involved species also on the total
concentrations of the reactants.

Concerning the general case of any two-step mecha-
nism, the dependence of the reciprocal relaxation times
on the coefficients a;; (5) and hence also on the involved
concentrations is rather complicated as a consequence of
the structure of the coefficient # as well as of the occur-
rence of the square root. Thus, a straightforward evalua-
tion of single reciprocal relaxation times in order to ob-
tain the individual rate constants is not possible as in the
case of model 1 where a plot of 1/z, versus (¢, + ¢) yields
a straight line with the slope k,, and the intercept of the
ordinate k,,. However, according to (5) the sum and the
product of both reciprocal relaxation times for two-step

=d; X4t 0y Xp )]
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reactions result both in quite simple expressions in terms
of the coefficients a;; and thus also of the concentrations:

1 1

T + ?2 FX= 0y 0y

11 o?p (10)
T—1"-'-2 = vy =dy143,— 013051

For model 2, both expressions lead to linear functions of
(¢4 + ¢p) according to (7):
1 1

— 4+ — =k, +kyy+ ks + k12(§A+QB)
'L'1 Tz

(11a)

11
T Ta

=k, kaytkyy(kys+kyp)(cy+ cp) (11b)
Asindicated earlier (Havsteen 1967), plotting the sum and
the product of the reciprocal relaxation times versus
(c4+ cp) yields straight lines. All four rate constants can
then be calculated from the four different coefficients de-
termining these lines. The corresponding expressions for
model 3 are not as simple as in the case of model 2. Ac-
cording to (8) two different concentration terms con-
tribute to the sum of both reciprocal relaxation times and
the product contains also products of equilibrium con-
centrations:

1 1
T, + T, =kyy+ ksy+ ki (cqtcg) +kaslcctey) (122)
11
== =Ky kay+ ks ks, (et cp)
1 T2 (12b)

+kizkos(de +cgtec)cy

Hence, no simple determination of the rate constants is
possible in a way similar to that for model 2.

Approximations

In order to notice easily recognizable differences between
the two models 2 and 3, the consideration of limiting
cases is a helpful approach. In the following, four different
limiting cases are discussed. Each case is characterized by
two experimentally resolved, well separated (at least by a
factor of 10) relaxation times. The approximate relax-
ation times corresponding to the limiting cases are denot-
ed by %, in order to discriminate them from the exact
relaxation times 7;. As will be shown below the previous
condition t, < 7, no longer holds for all approximate ex-
pressions and all concentrations. Thus, without any pre-
knowlewdge the experimentally determined relaxation
times cannot immediately be assigned to either %, or %,.
Hence, the experimentalist must perform this assignment
according to the theoretical concentration dependences
of the reciprocal relaxation times assuming a particular
reaction model in a given concentration range (for details
see below). For the following it is assumed that the prob-
lem of assignment could be solved.

If one relaxation time is small compared to the other
one, this is according to (5) equivalent to the condition
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Table 1. Expressions for the approximate reciprocal relaxation times 1/7; according to the two-step reaction models 2 and 3 for different
conditions, provided that the relaxation times are well separated. Case I): strong coupling between both partial equilibria; case II): the first
reaction step equilibrates much faster than the second one (special case of weak coupling); case III): the first reaction step adjusts very slowly
compared to the second one (special case of weak coupling); case IV): no coupling between the equilibria

Case Model 1/%, 1/%,
ky ks, +ki,(kyn+k
) 2 gy + ks + Ky + Ky +p) 21 Raztkyatkys+kyy) (e +cy)
kyy thkyatks,+kys(c +cp)
kyikaytki, k +cg)+k,k de +cp+
3 iy g +kyp (C g+ C5) +Kypa (ot cp) 21kaz ki ksy (e +cp) 12 ks cpdc +eptec)
kyy+ksy+kyy(c tep) +haslec+ep)
CqatCp
1 2 kyy+kyy(c +c feyy+hyy —2 2
) 21 12(e4+cp) 32T K33 ot et Ko,
cglde, +eptee)
3 kyy + kyy(c +c foyy A hyy 2 ZATZE €L
21+ kia{catep) 32T Ka3 c tcptKo)
11T 2 kyy+k kyy ——— + k(e +c
) 23T K3z 211+K23 12(c +cp)
2¢,+ K5y 2¢c+ K53t
3 ke + k + k _Z=BTPa3 +h, =€ 7723
ot et co) 12<£Acc+gB+K;; ) T eyt K
v) 2 kyy+kiy (e +eg) kyst+ks,
3 3 ky tki,(c +ep) kyy+ky3(ec+cp)

f <1, while the condition 7, ~ 1, is equivalent to f~1.
Thus, in the case of two well separated relaxation times
the general expression (5) can be approximated by:

1 1

— o~

1
N =—dy —a — X
~ 11 22
T Ty (3

_ 91295, — 4,8

a;,t+a
2 11 22 (13)

These equations include all those limiting cases which are
discussed in the following. The first case assumes that
both equilibria of models 2 and 3 are strongly coupled (I).
Secondly, two cases of weak coupling between the equi-
libria are considered (IL, IIT). For models 2 and 3 this is
identical to the assumption that one reaction step pro-
ceeds very fast compared to the other one. Finally, the
completely uncoupled case (IV) is discussed. The condi-
tions which characterize these limiting cases depend on
the numerical values of the coefficients g;; and hence on
the rate constants as well as on the total concentrations
of the reactants. The resulting theoretical equations de-
scribing the dependences of the approximate reciprocal
relaxation times on equilibrium concentrations under dif-
ferent conditions are derived and compiled in Table 1.
The chosen examples, which will be shown graphically in
Fig. 3, provide a comparison of some of these approxima-
tions with the dependences calculated by employing the
exact equations.

l~\l|)a

I) If |a,,| is comparable to |a,,| as well as |a,,| & |a,,| or
if in terms of the matrix formalism (Eigen and De Maeyer
1974) all matrix elements within one row are comparable
to each other, then both equilibria are strongly coupled:
The concentration changes of A(x,) and D(x,) markedly
contribute to equations (9). Under these circumstances f§

is small compared to 1 and hence both relaxation times
are well separated. The corresponding expressions of the
formula describing the approximate reciprocal relaxation
times 1/7; for models 2 and 3 are given in Table 1.

1) If |a, | is large compared to |a,,| as well as to |a,, | (i.e.
the first diagonal element of the coefficient matrix domi-
nates over all elements of the second row), then the first
reaction step of model 2 or 3 adjusts rapidly compared to
the second one (here: both k,, (c,+ ¢;) and k,, are large
compared to either k,, and k;, in the case of model 2 or
to k,;(cc+ cp) and k5, in the case of model 3. For both
models, again f is small compared to 1, because |a,,|
cannot exceed |a, | since this would require either a neg-
ative concentration or a negative stability constant. The
corresponding equations for the reciprocal relaxation
times of this weakly coupled case can be deduced from
Table 1. For model 2 they are given in textbooks (Eigen
and De Maeyer 1974; Czerlinsky 1966); for model 3, how-
ever, only for 1/7, (Czerlinsky 1966).

III) In a similar way to II), if |a,,| > |a,,|, |a,,] (the sec-
ond diagonal element of the coefficient matrix dominates
over all elements of the first row), then the second reaction
step in model 2 or 3 equilibrates much faster than the first
one. For both models, again the relation g <1 holds, be-
cause it is not possible that |a,,|>|a,,|. The related
equations are specified in Table 1. They are also dealt
with in a textbook (Czerlinsky 1966).

IV) Finally, if |a,,| > |a,,| and |a,,| > |a,,| (the main di-
agonal elements dominate over the remaining elements of
the corresponding row), then both equilibria in model 2
or 3 are completely uncoupled: The concentration of spe-
cies D, for example, has no influence on the formation rate



of species A and vice-versa. Thus, the system of differen-
tial equations splits into two independent equations, each
describing only a single equilibrium of the reaction
scheme. Only in this case is a straightforward assignment
of both measured relaxation times to the individual reac-
tion step possible. If the diagonal elements are of the same
size, then both relaxation times are of similar magnitude
(f =1); if one of the diagonal elements is large compared
to the other one, then the relaxation times are well sepa-
rated (8 <1). The expressions determining the approxi-
mate reciprocal relaxation times are also given in Table 1.
They are identical to those found in the literature (Eigen
and DeMaeyer 1974; Czerlinsky 1966; Strehlow and
Knoche 1977) assuming both reaction steps to be isolated
reactions.

The discussion of these four limiting cases implies that
whether or not a particular relaxation time is large com-
pared to the other one does not allow one to make any
a priori statement about the degree of coupling between
both equilibria involved in the reaction, nor about the
equilibration time of one individual reaction step relative
to that of the other one. If, for instance, both individual
reaction steps adjust within the same time (in terms of the
matrix elements expressed as a,, =a,,) but both equi-
libria are strongly coupled (case I), then according to (13)
the ratio of the experimentally accessible relaxation times
7,/7T, is small compared to unity.

If ¢, 1s very small compared to ¢, different types of
approximations than in the case of well separated relax-
ation times can be considered. Since the inequalities ¢ ,,
Ces> €p < 4o and cg < cp, hold under any condition be-
cause of the mass balance equations (6), ¢, is approxi-
mately equal to cg, In the case ¢,y < czo. Thus, the equa-
tions describing the coefficients g;;(7) and (8) and, accord-
ingly, the reciprocal relaxation times under all conditions
considered above can be simplified significantly. Especial-
ly useful is this approximation for the evaluation of the
sum and the product of the reciprocal relaxation times. In
the case of model 2 linear dependences on cg, are ob-
tained:

1 1

— 4+ —mky + ks kischo (14a)
T (F)

11

— — ~ky kyy ko (kystksy) cgo- (14b)

Ty Ta

In the case of model 3 the corresponding expressions are:

11

ot Rkt kst (ki kas) epo (15a)
1 2

11 2

o ikt ke oo + g ki Go. (15b)

Thus, for ¢, < ¢y the sum of the reciprocal relaxation
times is a linear function of cg, for both models consid-
ered here, while the product depends quadratically on
this concentration parameter only in the case of model 3.
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Discussion
Analysis of the general expressions

In order to discuss the general expressions (5) describing
the dependence of the reciprocal relaxation times on con-
centrations it is important to check for relative extrema of
these functions. For this purpose the first and second
derivatives with respect to suitable concentration vari-
ables are derived and analyzed for the models 2 and 3.
Owing to the characteristic concentration dependences of
the coefficients a;; of a particular model no general ex-
pressions of these derivatives, which are valid for every
two-step model, can be obtained.

Model 2:

In the case of model 2 the first derivative of the reciprocal
relaxation times with respect to the sum of the free reac-
tant concentrations is given by (the upper sign corre-
sponds to 7,, the lower to 1,):

dijty,, ki

dCate) 2 16

. {1$ kystks,—kia(catcg) —kyy }
\/[kza +kay—kiy(cat cg) —ky P+ 4y Kyg

Since k,, k,; =0, the quotient term given in the curly
brackets cannot exceed unity. Hence, both derivatives are
characterized by positive values only. Therefore, no rela-
tive minimum or maximum of the reciprocal relaxation
times as function of (c,+ cp) can occur: 1/z, , is strictly
monotonically increasing with increasing concentrations.
The second derivative provides additional information
about this function (again, the upper sign corresponds to
7., the lower to 7,):

d? 1/'51,2

(ot )’ an

- 2ki kyy kyy
o {[kza +ky—kiy(cqtcp) _k21]2 + 4k, k23}3/2

From this expression it is concluded that 1/7, always has
a positive curvature and 1/7, a negative one. The absolute
size of these curvatures decreases with increasing concen-
trations indicating thus that both reciprocal relaxation
times reach constant slopes at sufficiently high concentra-
tions, where 1/7, depends linearly on and 1/7, is indepen-
dent of (¢,+ ¢p). The same conclusions are valid under
the conditions where ¢4, < ¢, and the reciprocal relax-
ation times are plotted versus cg,.

Model 3:

In the case of model 3 the derivatives are much more
complicated than in the previous case. This is due to the
fact that three coefficients a,; now depend on concentra-
tions (8). Therefore, comparatively simple expressions for
the derivatives can only be derived if one reactant is pres-
ent in excess. Based on ¢, < ¢, the slope of the concen-
tration dependence of both reciprocal relaxation times is
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given by (the upper sign corresponds to 7,, the lower to 1,):

d1/’51,2 _ ki +ks,

Cpo (k1z—k23)2+k21 (ki +k,3) —ky,y(ky, —k,3)

(18)

dcgo 2

B 2\/01230 (k12_k23)2 +2cpolkyy (kyy+ky3) —ksy(kyy—kya)] + (ka4 _kaz)2 ‘

In contrast to the case of model 2 this equation has two zeros, ¢z, and ?cy,, at which the reciprocal relaxation times
as function of ¢y, exhibit relative extrema. They are determined by:

L2, ksy(kia—kas) —kyy(kys+kpa) [1 ‘T‘\/l —k3a/kas (1—Kya/ky5)]

B0 (k12_k23)2

ey 18 attributed to the negative sign of the square root
term in (19) and corresponds to the total concentration at
which 1/7, exhibits a relative extremum; accordingly %c,,
is obtained by the positive sign of the square root term
and corresponds to the relative extremum of 1/z,.

The values of 1cg, and 2cg, must be real because they
represent concentrations. Thus, the following condition
must be fulfilled by the rate constants:

kaafkay (1 —=ksa/kys) <1. (20)

If the rate constants are such that this inequality is ful-
filled, relative extrema of both reciprocal relaxation times
as a function of ¢z, can occur in the case of model 3.
Under this condition, however, the value of cy, is always
negative, which is not meaningful for a concentration.
For this reason, the dependence of 1/z, versus cp, cannot
exhibit a relative extremum, which implies that this de-
pendence must increase strictly monotonically. A relative
extremum for the dependence of 1/7, under this condition
must occur in reality provided cg, is within the investi-
gated ¢, range. If condition (20) is not fulfilled by the rate
constants, no relative extrema can occur for model 3.
The second derivatives of the reciprocal relaxation
times with respect to ¢, for cg, > ¢4 are given by:

a1/t,,

2k12 k%l k23 [1 _k32/k21 (1 - k23/k12)]

(19)

Examples

In order to illustrate the considerations given above some
representative examples concerning models 2 and 3 are
shown by plotting the dependences of the reciprocal re-
laxation times versus either the total concentration of one
or the sum of the free concentrations of both reactants.
For this purpose, the sets of parameters compiled in
Table 2 are chosen to calculate the dependences for both
models. These parameters are related to a particular ex-
perimental situation (Bremer 1992) and are typical for the
special, unfavourable case, where it is difficult to distin-
guish between models 2 and 3 on the basis of the resulting
dependences, as originally anticipated. Figure 1 shows
the dependence of the reciprocal relaxation times 1/t and
1/z, as a function of ¢y, calculated according to (5) in

‘combination with (7) or (8), respectively, employing the

parameters given in Table 2 (for model 3 those of set a)
were used. The concentration cp, is chosen as ordinate for
this figure because for most experimental studies the total
concentration of one reactant is used in excess (here:
Cpo > C40) SO that ¢ = ¢y, . If any simple arithmetic combi-

(21)

2 —
dcko

The negative sign corresponds to the curvature of 1/7,,
the positive to that of 1/7,. As in the case of model 2
(cf. (17)) the sign of both curvatures is independent of cgg.
For sufficiently high concentrations the denominator in
(21) increases with increasing cp,. Therefore, the absolute
size of the curvatures decreases wih increasing cp, until
constant slopes of the dependences of both reciprocal
relaxation times on cp, are reached.

If condition (20) is satisfied, the term in square brackets
in the numerator of (21) is positive. Therefore, the curva-
ture of 1/t, is negative and that of 1/z, is positive. Hence,
if the dependence of 1/1, on cp, exhibits a relative extre-
mum, it is a relative minimum. If the rate constants are
such that condition (20) is not fulfilled, the numerator of
(21) is negative and the signs of the curvature of both
reciprocal relaxation times versus cp, are interchanged.
Under this condition, which excluded the occurrence of
relative extrema, 1/1, and 1/z, are left- and right-curved
functions respectively of ¢, both for model 2 as well as
for model 3.

{Cﬁo (ku_kzs)z + 2cpglkay (kya+Kka3) =k (ki —kys)] + (kg _k32)2}3/2

nation of the equilibrium concentrations of the reactants
like (¢, + cp) were used instead of ¢y, , the representations
of the functions in Fig. 1 would not be changed significant-
ly, which has been checked by additional simulations.

The cg, range chosen for Fig.1 covers two distinct
ranges of well separated relaxation times (here: for cp
< 0.04 M or cgo > 0.3 M the relaxation times differ by at
least a factor of 3), where an accurate determination of
both times is possible (Strehlow and Knoche 1977), pro-
vided the corresponding relaxation amplitudes are not
too different from each other. In addition a cg, range is
illustrated where the magnitudes of both relaxation times
are similar (here: 0.04 M < ¢g, < 0.3 M)

If numerically identical parameters are used for mod-
el 2 as well as for model 3 (e.g. k,, =1 x 10*s~?!) the com-
puter simulations performed in this study (data not
shown) indicate that both models discussed here exhibit
markedly different dependences of the reciprocal relax-
ation times on c¢g,. Furthermore, the simulations indicate
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Fig. 1. Models 2 and 3: Plot of reciprocal relaxation times 1/t,
(—or---)and 1/z, (--- or ----) versus ¢, for the two-step binding
models involving a rearrangement step (2) or a second binding step
(3). The calculations were performed according to (5) in combination
with (7) or (8), respectively, employing the parameters specified in
Table 2 (for model 3 those of set a)). Other details are given in the
text

Table 2. Parameters used for illustrating characteristic dependences
of the reciprocal relaxation times as a function of reactant concen-
trations for reaction models 2 and 3, shown in Figs. 1 to 3

Parameter Model 2 Model 3

Set a) Set b)
Cao 1x107%M 1x107*M 1x1073M
2 1x10°M™'s™! 1x105M 's™! 5x10°M 15!
ko, 1x10%s71 1x10%s71 5x10%s7!
kys 1x10%s™1 1x10*M~1s™! 5x103M~ts™!
ks, 1x10%s7! 1x10*s™! 5x10%s7!

that in the case of model 2 the choice of other parameter
combinations reveals graphs which are similar to those
shown in Fig. 1. In contrast to this, if in the case of mod-
¢l 3 other rate constants or total concentrations than giv-
en in Table 2 set a) are chosen, the corresponding graphs
of the reciprocal relaxation times versus cp, may look
different from those given in Fig. 1. The equations related
to model 3 predict, over a wide cg, range, linear graphs
for both reciprocal relaxation times as long as the recipro-
cal stability constants 1/K |, and 1/K,; as well as ¢p, are
comparatively high compared to c,,. Assuming 1/K, >
1/K 43, Cgo > €40 the shape of the curves is similar to that
shown in Fig, 1.

As indicated by (18) a special situation can arise in the
case of model 3: If both reciprocal stability constants
1/K,, and 1/K ,, are of comparable magnitude and small,
then a range of cp, exists in the vicinity of c,, in which
1/z, decreases with increasing cz,. The reciprocal relax-
ation times versus (¢ ,+ ¢z) shown in Fig. 2 represent typ-
ical examples for this situation under conditions where
cgo and c,, are comparable. The parameters used for the
calculations illustrated in Fig. 2 correspond to set b) in
Table 2. Although k,, is numerically equal to k,, in this
case, 1/7, shows a minimum around (c,+¢;) =25 mM
while (19) would predict this minimum at (¢, +¢z) > — ®©
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carcglmMl

Fig. 2. Special case of model 3: Plot of the reciprocal relaxation
times 1/7, and 1/7, versus the sum of the free equilibrium concentra-
tions (¢, + ¢p) according to (5) and (8). The parameters correspond
to set b) in Table 2 with cg, ranging from 1 x 1074 to 7x 1072 m.
Other details are mentioned in the text

for a different experimental situation. This is due to the
fact that the condition ¢, < cg,, Which was used to derive
(19), is not satisfied under the circumstances chosen for
calculating the dependences shown in Fig. 2.

In Fig. 3 the graphical representation of some of the
approximations given in Table 1 (cases I and II for mod-
el 2 and case I'V for model 2 and 3) are compared to those
of the exact equations (5) in combination with either (7) or
(8) for the set of parameters given in Table 2 (also used for
Fig.1). The other cases yield dependences of 1/Z, (i =1 or
2) on ¢y, which are similarly shaped to those shown in
Fig. 3. From this figure one can get an idea about the c,,
range in which the equations given in Table 1 can be
considered as reasonable approximations of the exact
equations. This range is different for each investigated
limiting case and depends on the involved rate constants
as well as on c,,. Large deviations between 1/%; and 1/z,
are observed only at ¢y, values for which the condition
characterizing the corresponding limiting case is not ful-
filled (for example, if the first reaction step does not equil-
ibrate quickly compared to the second one as assumed in
the case IT, which is presented in Fig. 3b). Also in the cases
shown in Fig. 3b, ¢ and d, where the graph e.g. of 1/7,
approaches 1/t, within a certain ¢, range, the conditions
assumed for the deduction of the corresponding expres-
sions given in Table 1 are not fulfilled.

In the case of strongly coupled equilibria of model 2
the corresponding 1/7; and 1/%, given in Table 1 (case I)
approximate 1/7, and 1/7,, respectively, reasonably well
for the parameters listed in Table 2 only if ¢y, significantly
exceeds the value of 300 mm (Fig. 3a). The large devia-
tions between 1/, and 1/%, are mainly caused by the
values of the rate constants of the rearrangement step. If
the corresponding rate constants are smaller than as-
sumed for the calculation of the dependences shown in
Fig. 3a, the deviations become smaller. If model 2 is as-
sumed under the special condition of weak coupling
where the binding step equilibrates much faster than the
subsequent rearrangement step (case IT) and the rate con-
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Fig. 3 a—d. Comparison of the exact dependences (5) of the recipro-
cal relaxation times as a function of ¢y, (— for 1/z,; ---for 1/7,) with
the corresponding approximate ones (Table {; --- for 1/%;; ---- for
1/%,) for different experimental conditions. For the calculations the
parameters given in Table 2 (set a in the case of model 3) were
employed. A suitable scaling is chosen to emphasize clearly the

stants as well as ¢ , given in Table 2 are used for the
corresponding calculations, then the 1/%; for case II in
Table 1 represent good approximations for the 1/z; pro-
vided ¢y, is larger than about 140 mm (Fig. 3b). If ¢y, is
below 70 mm, the 1/7, is approximated by 1/, for case 11
in Table 1. If both equilibria are completely uncoupled
and the parameters given in Table 2 are applied (set a for
model 3), significant deviations are noticeable between
the dependences of 1/7; on cp, and the corresponding 1/7;
given in Table 1 (case IV) for ¢y, values below about
120 mMm. At concentrations below about 100 mM the ex-
pressions for 1/f, are good approximations of 1/7, and
vice versa. The c,, range around 110 mm, where the exact
dependences cannot be approximated by any of the ex-
pressions given for case IV, is larger in the case of model 2
(Fig. 3¢) than in the case of model 3 (Fig. 3d). Within the
same cy, range the corresponding deviations are larger
for model 2 than for model 3, too.

Figure 3 indicates also that 7, < 7, is true only under
the condition of comparatively high concentrations at
which 1/%, and 1/%, approach 1/z, and 1/z,, respectively.
In some of the examples shown in this figure the expres-
sions compiled in Table 1 lead at rather low concentra-
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differences between the exact dependences and the approximations.
Model 2: a Both equilibria are assumed to be strongly coupled.
b Weak coupling is assumed under conditions where the binding
step equilibrates very rapidly compared to the rearrangement step.
¢ No coupling between both equilibration steps. Model 3: d No
coupling between both equilibration steps

tions to 7; < ¥, and approach reasonably well the depen-
dences of exactly calculated reciprocal relaxation times,
although the condition which was used to derive the cor-
responding approximative expressions is not met in this
concentration range. This exemplifies the difficulty of re-
lating the experimentally found relaxation times to calcu-
lated times 7, and 7, .

Conclusions

Prior to any decision about the particular model for the
reaction under investigation the assignment of the exper-
imentally determined relaxation times to the theoretical
ones must be performed. It can be achieved by means of
the curvatures of the observed concentration depen-
dences of the reciprocal relaxation times (17) and (21),
respectively, by the existence of a relative extremum ac-
cording to (18) or by the criteria given in the following for
the four different limiting cases specified in Table 1.



Discrimination between models 2 and 3
under different experimental conditions

Only a single relaxation process is observable. A) T, is
observable: The dependence of 1/%, on suitable equilibri-
um concentrations is linear in most limiting cases dis-
cussed above (cf. dotted lines in Fig. 3). In order to distin-
guish between model 2 and 3 as well as to exclude the
simple model 1, very special conditions must be met and
experimental data of high precision are required. Howev-
er, if under the given experimental conditions the second
reaction step equilibrates slowly compared to the pre-
ceeding step (case II) or if both equilibria are completely
uncoupled (case IV), no discrimination on the basis of T,
is possible. If on the other hand 1/%, is found to be con-
centration independent, model 3 can be excluded accord-
ing to the expressions for 1/7, given in Table 1. Thus,
model 2 would apply under the condition that the second
reaction step equilibrates much faster than the binding
step (case ITI). In the case of strong coupling between
both equilibria (case I), it is characteristic of model 3 that
a deviation from a linear dependence of 1/, on (c,+cp)
must be observable, provided ¢y is not large compared to
c, as well as to ¢ and that a sufficiently large change of
the ratio ¢ ,/c. is achieved within a series of experiments.
Model 2 predicts a strictly linear dependence of 1/7; on
(c4+cp) for case I (cf. Fig. 3a).

B) t, or %, is observable: This situation is frequently
observed under conditions where the limited time resolu-
tion of a given experimental set-up does not allow one to
determine the much shorter 7, with the corresponding
relaxation process being indicated only by a fast ampli-
tude change. Distinguishing models 2 and 3 by means of
1/z,, however, is much easier than on the basis of 1/z,. If
in the case of model 3 ¢z > ¢4, and the condition (20) is
met, the curvature of the dependence of 1/z, is positive
according to (21), while for model 2 this curvature always
must be negative as indicated by (17). Considering the
four limiting cases discussed above (cf. Table 1), the fol-
lowing possibilities exist to differentiate between model 2
and 3: I) If both equilibria are strongly coupled, model 2
predicts a monotonically rising dependence of 1/7, versus
(c4+cp) ranging between the constant values corre-
sponding t0 Ky kay/(kyy +ky3+ksy) (for (c +cp) <
K, (1+Kp5)l,  1/Kp+kys/k,(1+1/K5,)  and
(k,3+ks4,) at very high concentrations (Fig. 3a). In con-
trast to this behaviour, for ¢, » ¢, and strong coupling
between both partial equilibria model 3 is characterized
by a relative minimum of 1/%, as a function of cg, at
Cpo=—X + /x> —1/K 3 (x—1/K ;) with x = (k,; +k3,)/
(ky,+k,3) (existing only if K,, < 1/x) and by a linear in-
crease with the slope &, k,3/(k, +k,3) at high ¢, values,
as shown similarly in Fig. 2. II) If the first reaction step
equilibrates rapidly compared to the subsequent one, it is
more difficult to distinguish between models 2 and 3.
Then, the major difference between the models on the
basis of 7, is detectable at high concentrations of spe-
cies B: model 2 is then characterized by a constant value
of (k,;+k,,) for 1/7, (Fig. 3b), while the binding of a
second molecule of B (model 3) results in a linear depen-
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dence of 1/%, on ¢, with the slope k,; provided czo > ¢4
(similar to the situation shown in Fig. 1). III) A very high
accuracy of the experimental data were necessary in the
second case of weak coupling (if the second reaction step
adjusts much faster compared to the first one), because
then for both models exactly (model 2) or only partially
(model 3) linear dependences are predicted over the whole
or a large (C40, Cao < 1/K33 OT Cpo > Ch0, 1/K 13, 1/K33)
range of (¢ ,+cp) values. This case, however, appears to
be less relevant for the purpose of this model discrimina-
tion. IV) Another possibility to differentiate between the
two models may be considered for the completely uncou-
pled case: According to model 2 no variation of 1/7, is
expected as a function of the concentrations involved,
while for model 3 a linear of 1/, with increasing (cc+cj)
is predicted (Fig. 3 parts ¢ and d).

Both relaxation processes are observable. If both relax-
ation processes are observable, in addition to the criteria
discussed above for the individual relaxation times, the
product of both reciprocal relaxation times can be used to
discriminate between the models. If ¢, is at least com-
parable to 1/K , 5, but always large compared to c,,, mod-
el 3 is characterized by a quadratic dependence on cg,
given by (15b), while model 2 leads to a linear dependence
on (c,+cp) under all possible conditions according to
(11b).

Kinetic parameters obtainable for models 2 and 3
under different experimental conditions

Only a single relaxation process is observable. If only one
relaxation process is resolvable and if one of the four
limiting cases considered above applies throughout the
whole concentration range examined experimentally,
merely a subset of all four rate constants involved in
model 2 and 3 can be determined (cf. Table 1). Only in the
case of strong coupling and observation of 7, can all
individual rate constants be obtained. These situations
will be discussed in detail in the next section.

In all other cases conditions are required where 1/7, or
1/1,, respectively, depends non-linearly on the equilibri-
um concentrations according to the general expression
(5). Since in this case 7, is longer than 7, for all possible
concentrations, the experimentally found relaxation time
can be assigned to either 7, or 7, (see above). Precise
experimental data at different concentrations are re-
quired for the determination of all four rate constants of
both reaction steps, because non-linear fitting procedures
will have to be performed. The equilibrium concentra-
tions involved in the Eq. (7) and (8) determining the coef-
ficients a,; are to be calculated from the total concentra-
tions of the reactants, ¢,, and cp,, and the equilibrium
constants given by the ratio of the rate constants of the
corresponding reaction step. If the equilibrium constants
are already known, the number of parameters to be deter-
mined by the fitting procedures can be reduced by a factor
of two.
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Both relaxation processes are observable. Concerning the
four different cases discussed, the following conclusions
can be drawn on the basis of the approximate expressions
specified in Table 1: I) If both equilibria are strongly cou-
pled, the evaluation of 1/%, as function of (¢, +cj) yields
only k,, as the slope and (k,, +k,5 +k5,) as the intercept
of the ordinate in the case of model 2. For model 3 such
a simple evaluation is not possible, because 1/7, as func-
tion (c,+cjp) is no longer represented by a straight line.
According to the corresponding expression given in
Table 1, the equilibrium concentration ¢ is required in
addition to ¢, and c,. A fitting procedure then yields & ,,
k,5 and (k,; +k5,). Again in the case of strong coupling,
1/%, depends for both models on all individual rate con-
stants. If no further assumptions can be made, the depen-
dences are rather complicated and require non-linear fit-
ting procedures and the calculation of ¢ ,, ¢ and ¢ for the
determination of the kinetic parameters. II) If the first
reaction step adjusts much faster than the second one and
if both relaxation processes are observed, all rate con-
stants related to model 2 and 3 can be calculated. Under
this condition of weak coupling the evaluation of the
dependence of 1/, versus (¢, +¢;) yields k, and k,, ; the
corresponding dependence of 1/t, reveals k,,, k;, and
K, involving different arithmetic combinations of equi-
librium concentrations for model 3. IIT) If the first reac-
tion step equilibrates much slower than the subsequent
step, 7, is attributed to the second partial reaction step. In
this case all rate constants can be determined directly
from the concentration dependences of 1/%, and 1/%, for
model 3 only. If model 2 applies, k,,, k,,/(1+K,;) and
ks (1+K,5)=(k,3+k,,) can in principle be calculated
from the relaxation data obtained at different concentra-
tions. In order to calculate the individual rate constants,
K, must be known in advance and thus has to be deter-
mined separately. [V) If both partial equilibria are com-
pletely uncoupled, all four rate constants can be calculat-

ed from 1/%, and 1/, in the case of model 3. For model 2
it is only possible to determine k,, and k,, separately
from the dependence of 1/%,; 1/%, yields just the sum
(ka3 +ks,). Thus, again the equilibrium constant K, has
to be known prior to the calculation of the single rate
constants.

If both relaxation times are resolvable within a suit-
able concentration range with comparably high preci-
sion, all rate constants can be calculated according to (10)
from the coefficients of the corresponding polynomials
which can be determined by a fit procedure from the sum
and the product of the reciprocal relaxation times. Since
the error of these functions is larger than the error of each
of both single relaxation times, the corresponding coeffi-
cients and hence the calculated rate constants can be ob-
tained only with rather low accuracy. If only one of both
relaxation times is determined accurately, the expressions
(10) are still useful for the purpose of qualitative model
discrimination prior to a quantitative evaluation accord-
ing either to (5) or the approximative expressions given in
Table 1.
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